We define the hypo-nilpotent ideal in n-Lie algebras and obtain all solvable 3-Lie algebras with an m-dimensional simplest filiform 3-Lie algebra as a maximal hypo-nilpotent ideal. We prove that the dimension of such solvable 3-Lie algebras is at most m + 2, and there is no solvable 3-Lie algebra with the simplest filiform 3-Lie algebra as the nilradical.
Introduction
Recently, the study on n-Lie algebras has attracted much attention largely due to their close connection with the Nambu mechanics and geometries [1, 2] , Poisson and Jacobi manifolds, and Hamiltonian mechanics [3] [4] [5] [6] . In 1985, Filippov [7] introduced the concept of n-Lie algebras. He classified n-Lie algebras of dimension n + 1 over an algebraically closed field of characteristic zero. Kasymov [8] developed the structural notions such as simplicity, nilpotency, representations and Cardan subalgebras. Bai and Meng described the Frattini subalgebras, formations, and the centroid of n-Lie algebras, and constructed some finite dimensional n-Lie algebras over fields of characteristic p 0 [9] [10] [11] . Ling [12] proved that for n 3 all finite dimensional simple n-Lie algebras over an algebraically closed field F of characteristic 0 are isomorphic to the vector product on F n+1 . Up to now, infinite dimensional simple n-Lie algebras over fields of characteristic p 0 are only Jacobian algebras and their quotient algebras [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . There are other results on representations and structures of n-Lie algebras [16] [17] [18] [19] .
The organization for the rest of this paper is as follows. Section 2 introduces some basic notions, defines hypo-nilpotent ideal of n-Lie algebras and proves some lemmas. Section 3 studies 3-Lie algebras with the simplest filiform nilradicals. Section 4 describes the structures of solvable 3-Lie algebras with a maximal hypo-nilpotent ideal N, where N is the simplest filiform 3-Lie algebra.
Throughout this paper we consider n-Lie algebras over a field F of characteristic zero, and with n 3.
Fundamental notions
First we introduce some notions of n-Lie algebras (see [7, 8] and other brackets of the basis vectors equal zero, then A is called the simplest filiform n-Lie algebra.
For later convenience, we give the inner derivation algebra of m-dimensional the simplest filiform 3-Lie algebra. 
The matrix M is called the structural matrix of A with respect to the basis Therefore, the matrix M has the form 
where 
3-Lie algebras with nilradical N
In this section we study 3-Lie algebras with nilradical N. 
From the above discussions, T is a nilpotent subalgebra. Hence there exists an integer r such that ad
This is a contradiction. 
and other brackets of the basis vectors equal 0. By a direct computation we get that N is the nilradical of A, and
It follows that A is an unsolvable 3-Lie algebra.
3-Lie algebras with a maximal hypo-nilpotent ideal N
In this section we study 3-Lie algebras with a maximal hypo-nilpotent ideal N. We construct all such solvable 3-Lie algebras and give them a simple classification. can not be equal to zero simultaneously. Now we determine the structural matrix M according to the solutions of (2.8).
(I). In the case of a 
Without lose of generality we may assume that a e m respectively, we get the structural matrix 
(II). If a e m for x and e 2 respectively, the structural matrix M is reduced to the form 
When r = 1, without lose of generality we may assume that there is an a i 1m / = 0 for some i, 3 i m.
Then we have
Replacing e 2 by e 2 − ke 1 , the structural matrix M is reduced to m respectively, we get the structural matrix 
where α ∈ F, α / = 0, 1. i for x andẽ i , i = 3, 4, . . . , m, we get the structural matrix 
In the case of a m 1m = a x for x, we get that the structural matrix of A is
If a m 1m = 0, similar to the above discussions, we get that the structural matrix of A is M 2 . Lastly by a direct computation, we get DS and CS corresponding to all cases M i , i = 1, 2, 3, 4: (1). Suppose that the structural matrix of A 1 in the basis x 1 , e 1 , . . . , e m is M 1 . Then (2). When the structural matrix of A 1 is M 2 . Then 
Comparing the elements of two matrices above, we obtain a 
If a 
It follows that −a 
Then we have 
On the other hand the product [ad( 
Comparing the elements of two matrices above, we obtain b In the following we give all solvable 3-Lie algebras with a 5-dimensional the simplest filiform maximal hypo-nilpotent ideal N.
1. Let A be a 6-dimensional 3-Lie algebra with a 5-dimensional hypo-nilpotent ideal N, and 
